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Abstract 

In this paper we study the model of heat transfer in a porous medium with a 
critical diffusion. We obtain global existence and uniqueness of solutions to the 
equations of heat transfer of incompressible fluid in Besov spaces Bp^i(R.'^) with 1 < 
p < oo by the method of modulus of continuity and Fourier localization technique. 

AMS Subject Classification 2000: 76S05, 76D03 
Key words: Flows in porous media, global well-posedness, Besov spaces. 

1 Introduction 

In this paper we consider the transfer of the heat with a general diffusion term in an 
incompressible flow in the porous medium. The equations is the following: 

^ + u-ve + vk'^e = 0, x^M?, t > 0, 

u = -kiVp + 57(9), X G M^, t> 0, 
divn = 0, 

e{o,x) = eo. 

Here > is the dissipative coefficient and 7 is the matrix medium permeability in the 
different directions, respectively, divided by the viscosity, g is the acceleration due to 
gravity and the vector 7 £ is the last canonical vector 63, 9 is the liquid temperature 
and u = —k(Vp + g^9) the liquid discharge by the Darcy's law, p is the pressure of the 
liquid. For more details see [13]. To simplify the notation, we set k = g = 1. 
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The operator A" = (— A)"/^ is defined by the Fourier transform 
for < a < 2. 

The case a = 1 is called the critical case, 1 < a < 2 is the sub-critical case and 
< a < 1 is the super-critical case. 

According to the Darcy's law and the incompressibility condition, one has 

, , , d^e d'^e d'^i 

Au = — curl(curmj 



^8x18x3^8x28x3^ 8x\ 8x2/ 
By Newton potential formula and integrating by parts one has 

u = -|(O,O,0) + -3-P.V. / K{x-y)9{t,y)dy, xGR\ 

= c{e)+V{e), (1.3) 



where 



K{x) 



3x1X3 3x2X3 2x3 — xf — X2 



Ixp 



is the kernel function of a singular integral V{6), for detail see [3]. 

When 1^ = and space dimension n = 2, D. Cordoba and F. Gancedo [6j obtained 
the local existence and uniqueness by the particle trajectory method in Holder spaceC* 
for < s < 1 and gave some blow-up criteria of smooth solutions, for example, the blow- 
up criterion in BMO space similar to the Euler equations and the geometric constraint 
conditions under which no singularities are possible, for details see |6j and reference 
therein. 

When > 0, A. Castro, D. Cordoba, F. Gancedo and R. Orive [1] constructed the 
global solutions to (jl.lh in the Sobolev space with s > for the sub-critical diffusion 
case. In the super-critical diffusion case the global well-posedness for small initial data in 

with s > n/2 + 1 and the local well-posedness in the space with s > (n — a)/2-|-l 
were obtained in [4j. In the critical diffusion case the global well-posedness of smooth 
solutions can also be obtained for smooth initial data by the method as in [U [3] for the 
critical dissipative quasi-geostrophic equations. 

Before presenting our method and results let us first clarify the notion of critical 
space (super-critical and sub-critical spaces, respectively). If 6(t,x) is a solution to the 
equations (jl.ip . then 6x = A"~^0(A"t, Ax) is also a solution for A > 0. A translation 
invariant homogeneous Banach space of distribution X is called a critical space, if its 
norm is invariant under the scaling transform fx = A"~^/(Ax), i.e. ||/a||x = ||/||x for 
any A > 0. Similarly, it is called a super-critical space (sub-critical space), if log;^ ITll^ ^ 
(> 0) for A > 0. Noting that the space for s > (n — a)/2 -|- 1 is a sub-critical space 
for the super-critical or critical diffusion cases of the incompressible flow equations in 
the porous medium, so the energy method and Sobolev estimates are available. But 
for the critical space ^^''^^(R^) it needs a different method. Indeed, the energy methods 
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are not applicable. One needs first establish the local existence, uniqueness and higher 
regularity based on a priori estimate of the following transport-diffusion equation 

jdtu + v- Vu + uA'^u = f, 
\u{0,x) = Uq. 

That is 



where Z(r) = J„ ||Vt>(t)|| -n/pj ^00^^- For details see Proposition 12.21 

By virtue of the method of modulus of continuity |9] , we prove the global existence 
and uniqueness of solutions to the equations (jl.ip with a = 1 in critical Besov space 
Bp^^(M.^) with 1 < p < 00. The key point is to construct a new modulus of continuity, 
which control the blow-up of the smooth local solutions to the equations (jl.ip . Assume 
that 9 has a modulus uj, Kiselev, Nazarov and Volberg in [9] proved that the Riesz 
transform Rj{0) had a modulus of continuity 

n,i.) = A{^£^,s + .f^ds), (1.4) 

where ^4 is a constant. Noticing the relation ()1.3p of u and 9 which is equivalent to 
double Riesz transforms. We prove that the singular integral operator V{9) in (|1.3p do 
not spoil modulus of continuity of 9 too much. In fact, it has a modulus of continuity 

m.) = c( £ log (^)d, + - /°° ^ log (f )d,) , (1.5) 

where C > is a constant. See Lemma |4. II 

Comparing with (jl.4p . the formula (jl.Sp of modulus of continuity of a double Riesz 
transform has an additional term log ^ or log ^ , which requires us to construct the 
modulus of continuity uj of temperature 9 to be slowly increased at infinite. In fact we 
construct the continuous function lo{x) as follows 

^^_fx-x^/2, ifO<x<(5, ^^^^ 

\s — (5^/^ + I arctan ^"'"^"^ ^ — ^ arctan i, ii 6 < x, 

which is a increasing bounded concave function when x — > 00. While the modulus of 
continuity of 9 in [9j has a double logarithm- type increase at infinite 



UJl{x) 



x-x^/^, ifO< X < 5, 

53/2+7log(^l + ilogf^, if5<X. 

To this end we present our main result in the following Theorem ll.il 
Theorem 1.1. Let 9o £ B^^-^'iM.^) with 1 < p < 00, then the critical diffusion equa- 



tions U.l\) of heat transfer of incompressible fluid possesses a unique global solution 



9 G C(M+; bI^J{M^)) n L}JR+; 
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To prove our main theorem, we need a local existence theorem as follows. 

Theorem 1.2. Let 9q G B^^^{M.^) with 1 < p < oo, then there exists a time T > such 
that the equations possesses a unique local solution 6 G C{[0,T); B^^^) satisfying 

e G L'^([0,r);^;^/f(M3))nLi((0,r);^J/f+\M3))_ (^^7) 

Furthermore, we also have t^^O € L°°((0, T); S^/f ^^(M^)) for p > 0. 

For the initial data which satisfies the condition ||^o||r3/p < oo, global well- 

posedness can not be obtained. So we give a blow-up criterion of smooth solutions 
in the following Theorem 11.31 

Theorem 1.3. Let T > and Oq G B^^J{R^) with 1 < p < oo. Assume that 9 £ 

L°°([0,T);5p''f (M3))nLi((0,r);5p/f+\M3)) is a smooth solution to the equations [Tl]) . 
if 6 satisfies 

[ \\Ve{t)\\Loo dt <oo, (1.8) 
Jo 

then 9{t,x) can be continually extended to the interval (0, T') for some T' > T. 

Remark 1.1. Actually, we have more general blow-up criterion. But in our case, the 
L°° norm is enough. Indeed, assume that 9 £ C{[0,T]; LL^ (M.^)) with s > ^ + 1, if 6 
satisfies 

r\\V9{t)\\^o dt<oo, (1.9) 
Jo 

then 9{t, x) can be continually extended to the interval (0, T') for some T' > T. 

The proof is standard. Energy method and the following logarithmic Sobolev inequality 

II/IIl- <C(1 + 11/11^0 log(e+ 11/11^^0) 

oo ,oo 

for s > ^, immediately yield the result. 

2 Preliminaries 

We first introduce the Littlewood-Paley decomposition and definition of Besov spaces. 
Given / G 5(M") the Schwartz class of rapidly decreasing function, define the Fourier 
transform as 

/(O = -^/(O = (2vr)-"/2 / e-'-<f{x)dx, 
and its inverse Fourier transform: 

fix) = T-^f{x) = (2^)-/2 / e--V(0d6 



4 



Choose a nonnegative radial function % G Co°(M") such that < x(^) < 1 and 



1, for lei < f , 



0, for lei > I, 

and let m = x(C/2) - xiO, XjiO = xii) and = <^(|) for j e Z. Write 

h{x) = J^-\{x), hj{x) = 2''^h{2^x)■ 
(pj{x) = 2"V(2^2;). 

Define the Littlewood-Paley operators Sj and Aj, respectively, as 

A_in(x) = h*u{x), 

Aju{x) = ifj * u{x) = Sj+iu{x) — Sju{x), for j > 0, 

Aju{x) = 0, for j < -2, 

Sju{x) = (1 - XI ^k)u{x), for j e Z. 

Formally Aj is a frequency projection to the annulus |^| ~ 2^ , while Sj is a frequency 
projection to the ball |^| < 2^ for j G Z. For any u{x) G L^(M"') we have the Littlewood- 
Paley decomposition 

u{x) = h* u{x) + X^ y?j * u{x) (Inhomogeneous decomposition), 

i>o 

oo 

u{x) = X * ^^(a;) (Homogeneous decomposition). (2.1) 

j=-oo 

Here homogeneous decomposition (2.1) holds in the sense of modulus of polynomial 
function. Clearly, suppx(0 ^ supp<^j(4) = 0, for j > 1, suppipj{^) n supp<^j/(^) = 0, for 
\j -f\> 2, and Aj{Sk-iuAku) = for \j - fc| > 5. 

Next, wc recall the definition of Bcsov spaces. Let s G M and 1 < p, q < +oo, the 
Besov space Bp^q{W^) abbreviated as 5^ ^ is defined by 

^p,, = {/(^)e5'(R");||/||5._^<+oo}, 

where 

1/9 



h*f\\p+{T.j>o'^'n^j*f\\i) \ forg<+oo, 
/i* /lip + sup >o2^''||</?j * /lip, for q = +oo 



is the Besov norm. The homogeneous Besov space B^ ^ is defined by the dyadic decom- 
position as 

Bl, = {f{x)eZ\W^)- ll/b. <+oo}. 
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where 



supjgz2^1l93j * /lip, 



1/9 



for q < +00, 
for q = +00 



(2.2) 



is the homogeneous Besov norm, and Z'(W^) denotes the dual space of Z(W^) = {f{x) G 
D°'f{0) = 0, for anya G N" multi-index} and can be identified by the quotient 
space S' /V with the polynomial functional set V. For details see [11] and 



Remark 2.1. The above definition does not depend on the choice of the radial function 
X, and g(M") is a Banach space if s < ^ or s = ^ and q = l- 

For the convenience, we recall the definition of Bony's para-product formula which 
gives the decomposition of the product fg of two distributions / and g. 

Definition 2.1. The para-product of two distributions f and g is defined by 

TJ= J2 A,gA,f = J2S,-igA,f. 

i<j-2 jGZ 

The remainder of the para-product is defined by 

R{f,g)= ^ AigA.f. 

|i-il<i 

Then Bony 's para-product formula reads 

fg = Tgf + Tfg + R{f,g). (2.3) 
Next we define two kinds of space-time Besov spaces that will be used in our studies. 



Definition 2.2. (1) LetT > 0, s £ R and 1 < p, q, r < 00, u{t,x) £ S'{W). We call 
u{t,x) G L'"(0,r;5^_q(M3)) if and only if 



^2-''"'?||A 



7/11^ 



1/9 



< 00. 



(2.4) 



(2) LetT, s, p, q, r andu{t,x) be as in (1), we callu(t,x) £ L'~(0, T; ij^ ^(M^)) if and 
only if 



u 



Llj,LP 



< 00. 



(2.5) 



Obviously, by the Minkowski inequality, we have the relations between the above two 
kinds of mixed space-time Besov spaces: 



and 



I ^11 frbs ^ llullrrDs , if r ^ q, 

^ p,q p^q 



l^llrrDs ^ ll^llf^'R^ ? if Q — 

p,q p,q 



(2.6) 
(2.7) 



We now recall some properties of the Besov spaces, for details see [TT] or 
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Proposition 2.1. The following properties of the Besov spaces hold: 

(1) . Let a G M, then the operator A." is an isomorphism from Bp ^ to Bp~". 

.s-n(i--J-) 

(2) . Ifpi < P2 and qi < q2, then B^^ ^^ ^ ^^2,92" ■ 

(3) . // 1 < p, g < 00, s > 0, a > and /? > 0, and 1 < Pi, qi < 00 (i = 1, 2, 3, A) 
so that 



1 


1 


1 


1 1 








— + — . 


p 


Pi 


P2 




1 


1 


1 


1 1 






+ — = 


= - + — 


Q 




92 


93 94 



(2.8) 



Then there exists a constant C such that /i • /2 G B^^^iW^) and 

\\flf2\\Bs <C'(||/i||^.+. 11/2^-. ||/2|U=+/3), (2.9) 

/or any /i G ^^+5^ n -Bpg'^gg, /2 G -BpJ^^ n -Bpa^qj. If a = 0, P2 = q2 = 00 and P = 0, 
P3 = 93 = 00, i/ien i(;e a/so /laue 

||/l/2b^ <C(||/i||^. ||/2||L- + ||/l||L-||/2b. ). (2.10) 

p,q P^Q PtQ 

Using the para-product decomposition (j2.3p one can easily prove the equality ()2.9p - 
(|2J0]) . and for the proof of equality ^M) see [LTj 

In the following Lemma [2. II we recall the Bernstein inequality which will be frequently 
used. 

Lemma 2.1. Let f G LP(M") with 1 < p < q < +00 and < r < R. Then there exists 
constants C > and Ck > such that for any A; G N and A > 0, one has 

sup Wd^fWg < CA'=+"(i/^'-V^)||/||p, ifsuppf C {e : lel < Ar}; (2.11) 



C^'X'WfWp < sup Wd^fWp < CfcAi/llp, ifsuppf C {e : Ar < \C\ < \R}. (2.12) 

|/3|=fe 

The following lemmas will be useful in our discussions. 

Lemma 2.2. ^ ip be a smooth function supported on the shell {z G : -Ri < 

\x\ < R2, < Ri < R2}- Then there exist two positive constants jj, and C depending 
only on ijj so that for all 1 < p < 00, a > 0, t > and A > 0, one has 



\\i;iX'^D)e-'^\\\LP < C7e-^*^''||^(A-^Z))n| 



LP- 



Lemma 2.3. Let v be a smooth vector field, and (j) a solution to the ordinary differ- 
ential equation 

(^ = v{t,Ht,x)), 
I 0(0, x) = X. 
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Then for all < t < oo, the flow 4>{t, x) is a diffeomorphism over and the following 
estimates hold: 

||V<A(t)^iL- < e^W, 
\\V^{t)^' - IdU^ < e^v-W _ 1, 



Jo 



ds, 



where V{t) = \\Vv{s)\\l°° ds. 

The next lemma shows a estimate of exchange between A* and the flow 

Lemma 2.4. Let v be a given vector field belonging to Lj^^(R'^ ; Lip) , uj = Aju, and 
denote the flow of the regularized vector field SjV for j £ Z. Then, for u £ with 
< s < 2 and 1 < p < oo, it holds: 

\\A'{uj o(j)^)- {K'uj) o < C2^'"e^^(*V^-5(t)||nj||LP, 

where V{t) = Jq \\Vv{t)\\l°° dr and the constant C = C{s,p) depends only on s and p. 

For the proofs of Lemma 12.21 [2T3l and [2^ see [8l[T5], [7] and [5j, respectively. 
Before we present the local existence of solutions to the equations , we recall an 
optimal a priori estimate for the following transport-diffusion equations in M": 

<^ ^* ■' (2.13) 

[u{0,x) = uo{x), 

where u is a fixed vector field which does not need to be divergence free, uq is the initial 
data, / is a given external force term, and > is a dissipative coefficient for < a < 2. 

Proposition 2.2. Let 1 < ri < r < oo, 1 < p < pi < oo and 1 < q < oo. Assume s G M 
satisfies the following conditions: 

fs<l + ^, iors<l + ^, ^fq = l), ^^^^^^ 



[s > -min\^f^,frj, {ors>-l-min\^^,^j, ifdivv = 0). 

There exists a constant C > depending only on n, a, s, p, pi and q, such that for any 
smooth solution u of equation i2.L3\) . the following a priori estimate holds: 

z.i/nh|U...w. <Ce^^(^)(||no||^. +z.i/'^^-i||/|| (2.15) 

where Z{T) = 11^^(0 ll^nMnioo^^*- 

Moreover, if u = v, then for all s > (s > —1 if div v = 0), the estimate 112.15]) 
holds with Z(T) = J^^ \\Vv(t)\\L°° dt. 
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Remark 2.2. Danchin proved Proposition \2.S\ in J7I for a = 2 in the inhomogeneous 
Besov spaces case. Miao and Wu proved Proposition \2.S\ in \12^ for general < a < 2. 
The proof of Proposition \2.S\ is not difficult, essentially, is based on a estimate of the 
following term 

R - 4 {Sj^iv ■ V)AjU - Aj{{v ■ V)n), (2.16) 
we give it in the following Lemma \2.5[ 

Lemma 2.5. We rewrite Rj as Rj = (Sj-iv — v) ■ VAjti — [Aj,v ■ V]ii. Under the 
condition ^2.14^ , there exists a sequence cj £ /"^(Z) satisfying \\cj\\iq = 1, such that 

2''\\Rj\\lp <C\\Vv\\ \\u\\j^, 

for any j £ Z, where C = C{n,q,s,p,pi) is a constant depending only on n,q,s,p,pi. 

R. Danchin in ^ proved Lemma 12.51 in the inhomogeneous Besov space case. Simi- 
larly, using Bony's para-product decomposition and Bernstein inequality, it is not difficult 
to prove Lemma 12.51 



3 Local well-posedness and some blow-up criteria 

In this section we prove Theorem 1.2 and Theorem 1.3, which are the local well-posedness 
and the blow-up criteria of smooth solutions. 

Step 1 Linear approximate equations 

We construct sequence of approximate solutions by the following linear equations: 

' + u'' ■ V9^+^ + vM^+^ = 0, X G M^, t > 0, 

= c{e'') + X G M^, t > 0, 

div u'^^^ = 0, 
0fc+i(O,x) = ^0(2;), X G 

We set = e-^^^Oo, obviously, 9'^ G ^J^f +\m3)). By Proposition E21 we thus 

have 

for any k > 1. 

Step 2 Uniform estimates 

We also need to obtain a uniform bound of e''{t,x) in L'^ {R+ ; B^^J (R^)) n 

Li(M+; bI^J^'^{R^)) for some a T > independent on k. 

By the standard local existence method it is not difficult to prove that there exists 
some time T depended on the profile of 60 such that 

fT 

/ ||0'W|L3/p+idt<Co, (3.3) 
Jo 
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for A; > 1. For details refer to [T| [T2]. 

In proposition 12.21 we take r = 1 and r = oo, respectively, noting the Sobolev em- 
bedding relation Bp^^{M.^) L°°(]R^) and the boundedness of singular integral operator 

V on homogeneous Besov space Bp^^{M.^) , it yields 

Il^'+'llfooo3/p + ||0'=+1,i.3/p+i < Cexpic r||n^(T)|L3/p+idrUo|L3/p 

< Cll^olLs/p. (3.4) 

Consequently, the sequence {e''}, A: G N is uniformly bounded in Z°°(M+; S^^f (M3))n 
Li(M+;^^/f+\M3)). 

Step 3 Strong convergence 

We prove that {9''}, A; G N is a Cauchy sequence in L'^ {R^ ; B^^J (R^)) n 

so it is strong convergent. 
Let n, m G N, and n > m. Set 0"''" 4 6*" - 6^"^ and n"'"^ 4 - n'" = c(6l" - 6"") + 
'P(^" — 9"^). A simple deduction yields 

divn" = divn™ = 0, (3.5) 
6'"+i'™+i(0,x) = 0, X G M^. 

According to Proposition 12.21 noting the Sobolev embedding relation B^^^{R^) ^ 
L°°{R?) and the boundedness of singular integral operator V on homogeneous Besov 



space B^^fiR:^), one has 



nn+l,m+l i 



,|^«,^3/p < Cexp ||tx-(r)||^3/p+idr| ||n"'™ • V0"^+i(T)||^3/pdT. 

(3.6) 

By (j2J0]) in Proposition O and the Sobolev embedding relation ^^''/'(M^) ^ L°° 
it can be deduced 

II n,m v7/)»n+l /- i_Mi ^ ^\\ n,m|| llfl^+lll 

\\U ' -VO ^ {dT)\\^3/p < C\\U ' \\r,3/p\\6 ^ ||^3/p+l. 

p,l p,l p,l 

By the boundedness of singular integral operator V on homogeneous Besov space 
^p/f (M3), we have 

||n"'"^||^3/p < C\\9^n\^^/., and ||n"(T)||^3/p+i < C||r(r)||^3/p+i. (3.7) 

p,i p,i p,i p,i 

Substituting (j3.7p into (|3.6p , and choosing T small enough if necessary, we arrive at 

, .3/„,i f-T 

l|/in+l,m+l II ^ r'llfl"'"*!! o -'"t-^d i / , rl + 

r fooR3/p < C fooR3/pe J / y p3/p+iat 

— t fooR3/p, 
-°p,l 
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with e < 1. Arguments by induction yield 

||/i?i+l,ni+l II ^ __m+l II /)n-m,0|| II (ri o\ 

F ?oor3/pS^ f foorjS/p S \\Uo\\ ^,3/ p ■ [O.S) 

Arguing similarly to above by Proposition 12.21 it can be derived that 

II /in+l,7Ti+l II , ^ II /in-m,0|| , ^ r'r™+l|lfl II , ^"^ 

^T^p,l ^p,l ^p,l 

Estimates (I3S])-(I3J|) imply that {9''} is a Cauchy sequence in L'^{[0,T); B^^J (R^)) n 
L\{0, T); bI[1^^{R^)) for A; = 0, 1, • • • . Thus there exists a G L°°([0, T); sj^f (M^)) n 
Li((0,r);^p''f+\M3)) such that O'' converges strongly to 9. 

Step 4 Uniqueness 

Suppose 9i and ^2 are two solutions of the equations (jl.ip with the same initial 
data 9o e ^p/f , and ^i, ^2 e L~([0, T); Bp^f (M^)) n L1([0, T); S^'f ^^(M^)). Introducing 

notations 9i^2 = ^1 — ^2 and ui^2 = ui — U2 = c{9i — ^2) + 'P(^i) — '^(^2) one has by a 
simple deduction 

'dt9i^2 + ui ■ V6'i,2 + i^A6'i,2 = -ui,2 • V6I2, 

divui = divu2 = 0, (3.10) 
?i,2(0,x) =0. 

Arguing similarly to the above (j3.6p we obtain 



'1,2 fcx)R3/ 



rllfl II r3/p+1 /"t 

p<C^e"^'^^-^ / ll^i,2|U^^3/p||^2|L3/P+idr. (3.11) 



Gronwall's inequality implies that 9i[t) = 92{t) for any < t < T. 
Step 5 Smoothing effect 

We shall prove the following regularity estimate 

Wt^eW-.^^./p^, < C(/3)e''^""'^^^-'^' ll^ll .00^3/., (3-12) 

for /3 > 0, where t^9 obviously satisfies the following equation 

{dt{t'^9) + (n • V){t^9) + vK{tP9) = -pt^~^9, t > 0, xeR^, 
divu = 0, (3.13) 
{tf^9){0,x) = 0, xe R^. 

We prove the estimate ()3.12p by induction. When (3 = 1, Proposition 12.21 implies 



cil 



1 ri3/p+l 



l|t^L-ooe3/p+i < Ce II^II- .3/p. (3.14) 

-°p,l -°p,l 

Here Sobolev imbedding relation B^^fi^) ^ L°°{R^) and the boundedness of singular 
integral operator V on homogeneous Besov space Bp/f+^M^) have been used. 
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Assume the estimate ()3.12p is true for f3 = k, then Proposition 12.21 and induction 
impUes, for (3 = k + 1, that 

k+l '^11^11^1 g3/p+l ^ 

P ^11 fooR3/p+fc + l < Ce ^ ||t 0\\y^^3/p + k 

c(fc+i)||e|| 

< C{k + l)e 't^p.^ \\0\\fo.f,s/v (3.15) 

For general (3 > 0, noting [/?]</?< [/?] + 1, by interpolation between Bl^f^^^\M.^) 
and L-i?J/f+[^l+\M3), 

Wt^eW s^p., < Cllt^'W^l^l;^^^^^^^^^^^ (3.16) 

we immediately prove the estimate (|3.12p for any /? > 0. 
Proof of Theorem 11.31 

In the proof of uniform estimate of the approximation solution sequence 0", we have 
obtained that if 

5:(l-e-^(^-^)^^)V2||A,^(r)||,o.<.o, (3.17) 
for some a constant eo- Then the solution 9 is uniform bounded 

Il^llf2 r,3/p+l/2 + II^Ll n-i/p+1 < ^Eq, (3.18) 

the solution 6 thus can be extended beyond T. For details see [T| [T2]. 
Let [0,T*) be the maximal existence interval, if T* < oo, then 

lim inf Y{l-e-'^^^-^'>'^')^/^\\Aje{T)\\Loo >eo, (3.19) 

otherwise, it can be extended beyond T*. Noticing ||Aj0||ioo < C||0o||l°°; by the Bern- 
stein inequality (j2.12p we have 

60 < lim^inf^ ( - e-^(^*-^)'')^/'||A,0||z.oo + ^^(1 - e-^(^*-^)2^)i/2||^^.^||^^^ 

* j<N j>N 
< lim inf^ (^(T* - r)i/2||^^||^^ ^ 2^/2 ^ ||ve||ioo ^ 2-^'' 



< lim inf ((r*-r)i/2||0o||L-2^/2^||V0||L-2-^ 
If we choose appropriate A^, it follows 



lim inf (T* -r)||V0(T)||Loc > eq. (3.20) 

r— >T* 



Therefore, if 



[ \\V9{t)\\L^ <oo, (3.21) 
Jo 

there exists some a T' > T such that can be continually extended to [0,T'). 
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4 Global well-posedness 



In this section by virtue of the method of modulus of continuity [9] we prove the global 
well-posedness of Theorem ll.il In this case the difficulty is to construct a special modulus 
of continuity which the solution 9 has. First we define a modulus of continuity. 

Definition 4.1. Let uj{x) : [0, +cxd) [0, +cxd) he an increasing continuous concave 
function satisfying cl'(O) = 0. We call a function f from to has modulus of 
continuity uj, if 

\f{x) - f{y)\ < i^{\x - y\), for any x, y £ W. 

We recall that Kiselev, Nazarov and Volberg in proved a lemma that said the 
Riesz transform didn't violate the modulus of continuity too much as: 

Proposition 4.1. If the function 6 has a modulus of continuity lo , thenu = {—R20,RiO) 
has modulus of continuity 

with a universal constant A > 0, where Rj is the j—th Riesz transform. 

We also need to prove that the singular integral operators (|1.3|) which are equivalent 
to double Riesz transforms or their combinations do not spoil modulus of continuity too 
much, although they do not preserve a modulus of continuity, see the following Lemma 
El 

Lemma 4.1. // the function 9 has a modulus of continuity to, then v = 
{RiR^O, R2R3O, —R^9 — i?2^) has modulus of continuity 

where C > is a constant. 

The proof is very simple, it only need a direct computation. Indeed, Let r2i(^) = 
^(/o^d. + e/^°°^d.),then 

By Fubini theorem, exchanging the order of the two integrals can yield the result (j4.23p 
easily. 

According to the blow-up criterion in Theorem 11.31 we need to give a bound of 
||V0||loo. For this purpose, we choose the modulus of continuity lo satisfying uj'{0) < 00 
and limg_^o+ ^"iO = —00. Thus by the definition of modulus of continuity, it is not 
difficult to prove that 

IIV^IIloo < a;'(0). (4.24) 
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Let T* be the maximal existence time of the solutions 6 E L°"{[{),T*);E^Jj{m?)) n 
^L((0'^*);^P,'?^^(I^^)) to dni)- By TheoremlLll there exists a Tq > such that 
tllV^llLoc < CII6I0IL3/P, for any t G [0,ro]. 

Let A > and Ti G (0, Tq), we define 

I = {T e[Ti,T*):^te[Ti,T],\e{t,x)-e{t,y)\<oJx{\x-y\), for any x / y}, (4.25) 

where uj\{C} = w(A^). 

By appropriately choosing A, for instance, set A = ^ 2^}q\\^^'^^ \W^{'^i)\\l°°-, we can 
prove that Ti G /, for detail see [12]. Thus / is an interval of the form [Ti,T=k), where 
T^, is the maximal of T G /. We discuss the relations between T* and T* in three cases, 
respectively. 

Case 1: If = T*, then in light of the inequality (j4.24p and the blow-up criterion 
(|1.8I) in Theorem 11.31 we have T* = 00. 

Case 2: If G /, It is not difficult to prove that there exists a positive r; such that 
T^: + r] £ I, which is a contradiction to the fact that T^, is the maximal of T G /, for 
detail see [12]. 

Case 3: If /. The continuity of 9 in time implies that there exist x ^ y such 
that 

e{n,x)-0{n,y)=u;x{O, (4.26) 

where ^ = \x — y\. 

We shall prove that it is not possible. Let f{t) = 9{t,y) — 9{t,x) for the above fixed 
x,y. Clearly f{t) < f{T^) for any t G [0, T*] by the definition of /. On the other hand, 
we shall prove that f'{T^,) < 0, which is a contradiction. 

The idea of proof is from [9], the difficulty is to construct a modulus of continuity, 
for convenience of reading we give a sketch of the proof. 

By the regularity of solutions the equations can be defined in the classical mean, 

f'iT,)=uin,x)-V9{T,,x)-u{T,,y)-V9iT„y) + i^A9{n,x)-i^A9{T,,y). (4.27) 
A direct computation by derivative immediately yields (see [9j) 

u{n,x) ■ v9{n,x)-u{n,y)-ve{n,y) < ciujxiO + ^xiOWxiO- (4.28) 

Noting that the dissipative term A9{x,t) can be written as -^Ps * ^|s=o> where 

Ps{x) 



^2(|x|2 + s2)3/2 

is the three dimensional Poisson kernel in M'^ . By a detail deduction (use of the symmetry 
and monotonicity of the Poisson kernel and some integral techniques, see [9]) we have 

Jo 

a;A(e + 2g)-c^A(g-2g)-2c^A(0 ^„ 

2 

= AJ(AO, (4.29) 
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where 

lJ'f-.(( + 2.,)-l((-2.,)-2.i()^^ (4.31) 

Thus we only need to prove 

fin) < cx[{uj + ny + j]{xo < o. (4.32) 

For this purpose we choose the modulus of continuity iv as follows 

^ ^ fx-x3/2, if < X < (5, 

I — ' + ^ arctan — 3—^ — arctan 3, if < x. 



Its derivative is 



1 - ^/x, if < X < 5, 

if 5 < X. 



^'i^) = { \ (4.34) 



U'[9+{l+logf)^]' 

Here (5 > 7 > are two small enough constants that will be determined later. Obviously 
(J is concave and satisfies 

a;'(0) < 00 and lim uj"(x) = —00. 

In the following we prove the inequality (I4.32p in two cases. 
Case 1: 0<^<6. 

Since uj{s) < s for all < s < 6, we have 

^ '^(^) log !ids < /Sog^ds<2e, (4.35) 



s Jo s 



^ w(s) ^ es , ^ /"^ 1 n es 



^ / ^-iog-r"^'5 - w -log— ds 



and 



00 



s 



^eiog|(2 + log^), (4.36) 



uj(s) ^ es ^ ^ ^^(^) 1 e(5 ^ f w'(s) , es wfs) 



< 5(l + ,ogf)(l + ^), (4.37) 



15 



Collecting (14351) - dilaT]) . we get 



c^(e) + f^(0 <3e + d2 + log 



(4.38) 



Next, we estimate the negative part J, only use of the first integral in (j4.30p is 
enough. The concavity of to, Taylor formula and monotonicity of uj" on [0, £] imply that 



o as < -^t^ (0 







vr 



31^ 



'1/2 



Obviously, if ^ G (0, 5] and (5 > is small enough, one has 

5\2 2,v 1 



(^(0 + f^(e)y + j(0<e 



3 + 2 + los 



< 0. 



(4.39) 



(4.40) 



Case 2: i>6. 

In this case we have uj{s) < s for < s < 6 and uj{s) < uj{(^) for 5 < s < ^. Therefore, 



^ uj{s) e^ 
log — as 



< 



s s 

^ ee 

log — ds + 
s 



+ 







Lo{s) e^ 

log — ds 

s s 



log — ds 

s s s 



< 5( 2 + log|') +a;(0flog|Vl + log| 



< ^(6 



1 + (1 + log I' ' 



(4.41) 



where we use the fact 6 < cj(5) < lo{£,). 

Arguing similarly to above it can be derived that 



es /"°° 1 / esV 

■log— ds = uj{0 + Cj -( ^^(s)logyj ds 

f°° 1 es /"^ 
< 2c^(e)+C7 J ^log-ds + ^ J 



ds 



< 2a;(0 +37 < 5a;(0. 
Combining the estimates (|0T|) - (|02|) with lj'(^) of we get 



(4.42) 



(o;(0 + ^^(Oy(0 < CooiO 



7 + ( 1 + log I' ' 
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^[9 + (1 + log 1)2] 



< C7- 



(4.43) 



To complete the proof, we only need to estimate the second integral in J. In case 
6 < we have 



(4.44) 
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The concavity of lo{x) implies lo{2s + ^) — io{2s — ^) < io{2^) for all I — thus it reaches 
u pa;(2s + e)-u;(2s-0-2u;(0^^^_16i^^^ ^^^^^^ 



2 

It follows that 

(a;(0 + m)W + AO < (C7 - ^) < 0, (4.46) 

if we take 7 < min{gi^, (5}. The proof of Theorem 11.11 is thus completed. 
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